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Abstract
This article is dedicated to the proof of the following theorem. Let G
be a finite group, p be a prime number, and e be a p-block of G. Assume
that the centraliser CG(P ) of an e-subpair (P, eP ) “strongly” controls the
fusion of the block e, and that a defect group of e is either abelian or (for
odd p) has a non-cyclic center. Then there exists a stable equivalence of
Morita type between the block algebras OGe and OCG(P )eP , where O is
a complete discrete valuation ring of residual characteristic p. This stable
equivalence is constructed by gluing together a family of local Morita
equivalences, which are induced by bimodules with fusion-stable endo-
permutation sources.
Broué had previously obtained a similar result for principal blocks, in
relation with the search for a modular proof of the odd Z∗p -theorem. Thus
our theorem points towards a block-theoretic analogue of the Z∗p -theorem,
which we state in terms of fusion control and Morita equivalences.
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Introduction
Let G be a finite group, p be a prime number, and P be a p-subgroup of G.
Assume that the centraliser CG(P ) controls the p-fusion in G, i.e., the subgroup
CG(P ) contains a Sylow p-subgroup D of G and NG(Q) 6 CG(Q)CG(P ) for
any subgroup Q of D. Then the famous Z∗p -theorem asserts that the group
G admits the factorisation G = Op′(G)CG(P ), where Op′(G) is the largest
normal subgroup of G with order coprime to p. This theorem has been proven
originally for p = 2 by Glauberman [11], and later deduced, for p odd, from the
classification of finite simple groups ([2, Theorem 1], [12, Remark 7.8.3]).
Let O be a complete discrete valuation ring with algebraically closed residue
field k of characteristic p. It is well-known, and elementary, that the factorisation
G = Op′(G)CG(P ) is satisfied if, and only if, the restriction functor ResGCG(P )
induces a Morita equivalence between the principal blocks of the groups G and
CG(P ) over the ring O. Therefore, the Z∗p theorem can be stated in terms
of Morita equivalences, and one should expect it to admit a “modular proof”,
relying on local representation theory. Such a proof is known for p = 2 but, as
of today, not for odd p.
The investigation of a putative minimal counter-example to the Z∗p -theorem
leads to a finite group G and a p-subgroup P such that the centraliser CG(P )
“strongly” controls the p-fusion in G, i.e., CG(P ) contains a Sylow p-subgroup D
of G, and NG(Q) 6 Op′(CG(Q))CG(P ) for any non-trivial p-subgroup Q of D.
In this context, Broué has proven that the restriction functor ResGCG(P ) induces a
stable equivalence between the principal blocks of the groups G and CG(P ). His
proof relies on the following statement, which appears in [22, Theorem 5.6]: for
any two finite groups G and H with the same local structure, a p-permutation
bimodule that induces Morita equivalences between the principal block algebras
of the “local” subgroups of G and H must induce a stable equivalence between
the principal block algebras of G and H themselves.
On the one hand, proving the Z∗p -theorem amounts to proving that Broué’s
stable equivalence is actually a Morita equivalence. On the other hand, quoting
[14], “it seems to be a general intuition that there should be some block-theoretic
analogue of Glauberman’s Z∗-theorem”. Such an analogue could be stated as
follows.
Z∗e-conjecture. Let G be a group, e be a block of the group algebra OG, and
(P, eP ) be an e-subpair of the group G. Assume that the centraliser CG(P ) con-
trols the e-fusion in G with respect to a maximal e-subpair (D, eD) that contains
(P, eP ). Then there exists a Morita equivalence between the block algebras OGe
and OCG(P )eP .
The main theorem of this article is the following generalisation of Broué’s
stable equivalence to the context of the above Z∗e -conjecture, for a non-principal
block e.
Theorem 1. Let G be a group, e be a block of the group algebra OG, and
(P, eP ) be an e-subpair of the group G. Assume that the centraliser CG(P )
2
“strongly controls the e-fusion in G” with respect to a maximal e-subpair (D, eD)
that contains (P, eP ). Assume moreover that the defect group D is abelian, or
that p is odd and the poset A>2(D) of elementary abelian subgroups of D of
rank at least 2 is connected ( e.g., the center Z(D) is non-cyclic). Then there
exists a stable equivalence of Morita type between the block algebras OGe and
OCG(P )eP .
Let us sketch our proof of this theorem. Although we have two blocks e and
eP with the same local structure, and a family of Morita equivalences between
the local block algebras attached to these blocks, we cannot use the theorem of
Rouquier quoted above. Indeed, the bimodules that define those local Morita
equivalences are not p-permutation bimodules; they admit non-trivial endo-
permutation sources. Moreover, we have no given bimodule at the “global” level
that would induce those local bimodules. Thus we need to construct the global
bimodule by a gluing procedure, which roughly follows the method initiated by
Puig in [18].
To complete this task, we use the language of Brauer-friendly modules, as
defined in [4]. For the reader’s convenience, we gather in the first two sections
the definitions and results that are needed in the present article. In Section 3,
we specialise these tools to the situation where the centraliser of a p-subgroup
controls the fusion.
With the assumptions of Theorem 1, we have, for any non-trivial subgroup
Q of the defect group D, the following “local” situation: eQ is a block of a group
GQ that factorises as GQ = Op′(GQ)CGQ(P ) so, by [15], there is a Morita
equivalence kGQe¯Q ∼ kCGQ(P ) brP (e¯Q). In Section 4, we prove an equivariant
version of this Morita equivalence and give a new construction of the Brauer-
friendly module MQ that induces it. Moreover, we identify a vertex subpair of
MQ and provide an explicit description of its source VQ.
The heart of our proof is the definition of a “global” source V from the family
of local sources (VQ)16=Q6D, which is achieved in Section 5. In the non-abelian
defect case, this is an application of the main theorem of [7]; the obstruction
group that appears in this theorem explains the technical condition on the defect
group D that we require in Theorem 1. We hope that this technical condition
can be lifted in the future. Finally, in Section 6, we consider the unique inde-
composable (OGe,OCG(P )eP )-bimoduleM with vertex subpair (∆D, eD⊗eoD)
and source V such that the slashed module M〈∆P, eP ⊗ eoP 〉 is isomorphic to
the block algebra kCG(P )e¯P , and we use the main result of [16] to prove that
M defines a stable equivalence between the blocks e and eP .
1 General definitions and notations
We let O be a complete discrete valuation ring with maximal ideal p and alge-
braically closed residue field k of characteristic p. This includes the case O = k,
so that every result that is proven over the ring O remains true over the field k.
For any finite group G, we denote by ∆G = {(g, g); g ∈ G} the diagonal
subgroup of the direct product G×G. We denote by Op′(G) the largest normal
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subgroup of G with order coprime to p. For an element g ∈ G and an object X,
the notation gX stands for the object gXg−1 whenever this makes sense. Let
e be a block of the group G, i.e., a primitive central idempotent of the group
algebra OG. We denote by e¯ ∈ kG its reduction modulo p, and by eo its image
by the isomorphism (OG)op → OG, g 7→ g−1. For any two groups G and H,
we may consider an (OG,OH)-bimodule M as an O(G × H)-module. If f is
a block of the group H such that eMf = M , then the O(G × H)-module M
belongs to the block e ⊗ fo, where we have implicitely identified the algebras
O(G×H) and OG⊗O OH via the natural isomorphism.
Let G be a finite group and S be a normal subgroup of G. An S-interior
G-algebra over the ring O is a triple (A, γ, ι), where A is an O-algebra and
γ : G→ AutAlg(A), ι : S → A× are group morphisms such that, for any s ∈ S,
g ∈ G and a ∈ A,
γ(s)(a) = ι(s).a.ι(s)−1 and ι(gsg−1) = γ(g)(ι(s)).
With these notations, A has a natural structure of O(S × S)∆G-module. Let
H a subgroup of G, and T be a normal subgroup of H contained in S. Let B
be a T -interior H-algebra, hence an O(T × T )∆H-module. Then the induced
module Ind(S×S)∆G(T×T )∆H B has a natural structure of S-interior G-algebra (cf. [19]
for details about partly interior algebras).
For instance, let T be a normal subgroup of a finite group G, and S be
any normal subgroup of G that contains T . Let b be a block of the group T ,
let H = Gb be the stabiliser of b in G, and b′ = TrGGb(b) be the sum of all
G-conjugates of b. Then the block algebra OTb is naturally a T -interior Gb-
algebras, via the map ι : t 7→ tb and the conjugation action of Gb. Moreover the
interior structure map ι : S → (Ind(S×S)∆G(T×T )∆Gb OTb)× induces an isomorphism of
S-interior G-algebras
OSb′ ' Ind(S×S)∆G(T×T )∆Gb OTb.
Let P be a p-subgroup of a finite group G. For any OG-module M , we
denote by BrP (M) the Brauer quotient of M , i.e., the kNG(P )-module
BrP (M) = M
P
/(∑
Q<P
TrPQ(M
Q) + pMP
)
,
where MP is the submodule of P -fixed points in M , TrPQ : MQ → MP is the
relative trace map (as defined, e.g., in [1]). We denote by brMP : MP → BrP (M)
the projection map. Any morphism of OG-modules u : L → M induces a
morphism of kNG(P )-modules BrP (u) : BrP (L) → BrP (M). This defines a
functor
BrP : OGMod → kNG(P )Mod.
Notice that we write the Brauer functor BrP with a capital B, and the Brauer
map brP with a lowercase b. If A is a G-interior algebra (e.g., A = EndO(M) for
some OG-moduleM), then the Brauer quotient BrP (A) has a natural structure
of CG(P )-interior NG(P )-algebra over the field k.
4
2 Brauer-friendly modules and the slash construc-
tion
This section gathers definitions and results from [1], [23] and [4]. Notice that
the latter reference uses a functorial approach that we do not need here.
Let G be a finite group. The Frobenius category Fr(G) is defined as follows:
an object is a p-subgroup; an arrow φ : P → Q is a group morphism that is
induced by an inner automorphism of the group G. Let P be a p-subgroup of G,
and let V be an indecomposable OP -module that is capped, i.e., with vertex P .
We say that (P, V ) is a fusion-stable endo-permutation source pair if, for any
p-subgroup Q of G and any two arrows φ1, φ2 : Q → P in the category Fr(G),
the direct sum Resφ1 V ⊕ Resφ2 V is an endo-permutation OQ-module (i.e.,
the restrictions Resφ1 V and Resφ2 V are compatible endo-permutation OQ-
modules). Let M be an indecomposable OG-module with vertex P and source
V . We know from [25, Theorem 1.5] that M is an endo-p-permutation OG-
module if, and only if, the source pair (P, V ) is a fusion-stable endo-permutation
source pair.
These ideas admit the following generalisation to blocks. Let e be a block
of G. A subpair of the group G is a pair (P, eP ), where P is a p-subgroup
of G and eP is a block of the group CG(P ). The idempotent eP is actually
a block of the group H whenever H is a subgroup of G such that CG(P ) 6
H 6 NG(P, eP ). The subpair (P, eP ) is an e-subpair if e¯P brP (e) 6= 0, where
brP : (OG)P → kCG(P ) denotes the Brauer morphism. Let (P, eP ) and (Q, eQ)
be two e-subpairs of G. One writes (P, eP ) P (Q, eQ) if (Q, eQ) is an eP -
subpair of the group NG(P, eP ) such that P 6 Q. The antisymmetric relation P
generates an order on the set of e-subpairs, and the group G acts by conjugation
on the resulting poset. The Brauer category Br(G, e) is defined as follows:
an object is an e-subpair (P, eP ); an arrow φ : (P, eP ) → (Q, eQ) is a group
morphism φ : P → Q of the form x 7→ gx for some element g ∈ G such that
g(P, eP ) 6 (Q, eQ). This category is equivalent to a fusion system F of the block
e, as defined in [3].
Let M be an indecomposable OGe-module, and P be a vertex of M . Let
M ′ be an indecomposable ONG(P )-module that is a Green correspondent of
M , and f be the block of NG(P ) such that fM 6= 0. Let eP be a block of
CG(P ) such that feP 6= 0. The subpair (P, eP ) is called a vertex subpair of the
indecomposable module M . It follows from Nagao’s theorem that (P, eP ) is an
e-subpair of the group G. Any source V of the indecomposable ONG(P, eP )-
module L = ePM ′ with respect to the vertex P is called a source of M with
respect to the vertex subpair (P, eP ). A source triple (P, eP , V ) of M is well-
defined up to conjugation in the group G.
Let (P, eP ) be an e-subpair of the group G, and let V be a capped indecom-
posable OP -module. We say that (P, eP , V ) is a fusion-stable endo-permutation
source triple if, for any e-subpair (Q, eQ) and any two arrows φ1, φ2 : (Q, eQ)→
(P, eP ) in the Brauer category Br(G, e), the direct sum Resφ1 V ⊕Resφ2 V is an
endo-permutation OQ-module. We say that two fusion-stable endo-permutation
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source triples (P1, e1, V1) and (P2, e2, V2) are compatible if, for any e-subpair
(Q, eQ) and any two arrows φ1 : (Q, eQ) → (P1, e1), φ2 : (Q, eQ) → (P2, e2) in
the Brauer category Br(G, e), the direct sum Resφ1 V1 ⊕ Resφ2 V2 is an endo-
permutation OQ-module.
We say that an OGe-module M is Brauer-friendly if it is a direct sum of
indecomposable OGe-modules with compatible fusion-stable endo-permutation
source triples. The following two lemmas are straightforward from [4, Lemma 9,
Theorem 15, and proof of Lemma 18].
Lemma 2. Let M be a Brauer-friendly OGe-module, and (P, eP ) be an e-
subpair of the group G. Any capped indecomposable direct summand of the
OP -module ePM is an endo-permutation OP -module, and there is at most one
isomorphism class of such OP -modules.
Lemma 3. Let M be a Brauer-friendly OGe-module. Let (P, eP ) be an e-
subpair of the group G, and H be a subgroup of G such that PCG(P ) 6 H 6
NG(P, eP ).
(i) There exists a Brauer-friendly kHe¯P -module M0 and an isomorphism of
CG(P )-interior H-algebras
θ0 : BrP (eP EndO(M)eP )→ Endk(M0).
(ii) If (M ′0, θ′0) is another such pair, then there exists a linear character χ :
H/PCG(P )→ k× and an isomorphism of kHe¯P -modules φ : χ∗M0 →M ′0
(where χ∗M0 means the kH-module M0 twisted by χ), which induces a
commutative diagram
BrP (eP EndO(M)eP )
θ0
uu
θ′0
))
Endk(M0)
u 7→φuφ−1 // Endk(M ′0).
(iii) If (Q, eQ, V ) is a source triple of an indecomposable direct summand of
M0, then there is a source triple (Q′, e′Q, V
′) of an indecomposable direct
summand of M such that (P, eP ) 6 (Q, eQ) 6 (Q′, e′Q), and that V is a
direct summand of the P -slashed module [ResQ
′
Q V
′]〈P 〉.
The pair (M0, θ0), or just the kHe¯P -module M0, is called a (P, eP )-slashed
module attached toM over the group H. We will usually denote it byM〈P, eP 〉.
If M is a p-permutation module, then there is a canonical choice of (P, eP )-
slashed module attached to M : the Brauer quotient Br(P,eP )(M) = BrP (ePM),
together with the natural isomorphism BrP (eP EndO(M)eP ) ' Endk(BrP (ePM)).
In general, there is no such canonical choice.
Let M be a Brauer-friendly OGe-module, (P, eP ) P (Q, eQ) be two e-
subpairs of G, and H, K be two subgroups of G such that PCG(P ) 6 H 6
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NG(P, eP ) and QCG(Q) 6 K 6 NH(Q, eQ). Let the pair (M0, θ0) be a (P, eP )-
slashed module attached to M over the group H, and the pair (M1, θ1) be a
(Q, eQ)-slashed module attached to M0 over the group K. As appears in the
proof of [4, Theorem 19], there is a natural isomorphism
ψ1 : BrPQ(ePQ EndO(M)ePQ) → BrPQ(e¯PQ BrQ(eQMeQ)e¯PQ). Set θ′1 =
θ1 ◦ BrPQ(e¯PQθ0e¯PQ) ◦ ψ1 : BrPQ(ePQ EndO(M)ePQ) → Endk(M1). The fol-
lowing lemma expresses the transitivity of the slash construction.
Lemma 4. With the above notations, the pair (M1, θ′1) is a (PQ, ePQ)-slashed
module attached to M over the group K.
The next lemma will allow us to lift certain indecomposable direct summands
through the slash construction.
Lemma 5. Let M be a Brauer-friendly OGe-module, and (P, eP ) be an e-
subpair. Let (M0, θ0) be a (P, eP )-slashed module attached to M over the group
NG(P, eP ). If the kNG(P, eP )-module M0 admits an direct summand with ver-
tex P , then the OG-module M admits an indecomposable direct summand with
vertex subpair (P, eP ).
Proof. Let X0 be an indecomposable direct summand of M0 with vertex P .
Then there exists a primitive idempotent i0 of the algebra EndkNG(P,eP )(M0)
such that X0 = i0M0, and moreover i0 lies in the ideal Tr
NG(P,eP )
P (Endk(M0)).
We consider the projection map β : EndOP (L) → EndO(M0), defined by
β(u) = θ0 ◦ brP (ePueP ). For any element u ∈ EndOP (M), we have
β ◦ TrGP (eP u eP ) =
∑
g∈NG(P,eP )\G/P
θ0 ◦ brP ◦TrNG(P,eP )NgP (P,eP )(eP
geP
gu geP eP )
= Tr
NG(P,eP )
P ◦β(u)
This computation proves that the map β sends the ideal TrGP (EndOP (M)) of
the algebra EndOG(M) onto the ideal Tr
NG(P,eP )
P (Endk(M0)) of the algebra
EndkNG(Q,eQ)(M). Thus we know from [8] that the primitive idempotent i0
can be lifted through the map β, i.e., there exists a primitive idempotent i of
the algebra EndOG(M) such that i ∈ TrGP (EndOP (M)) and i0 = β(i). Then
the indecomposable OG-module X = iM is a relatively P -projective direct
summand of M . Moreover, X admits X0 as a (P, eP )-slashed module over the
group NG(P, eP ), so (P, eP ) is a vertex subpair of X.
3 Slashed modules and centrally controlled blocks
Let e be a block of a finite group G. We say that a subgroup H of G controls
(resp. strongly controls) the e-fusion in G with respect to a given maximal
subpair (D, eD) if the defect group D is contained in H and, for any non-trivial
e-subpair (Q, eQ) contained in (D, eD),
NG(Q, eQ) 6 CG(Q)H (resp. NG(Q, eQ) 6 Op′(CG(Q))H ).
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If H = CG(P ) is the centraliser of an e-subpair (P, eP ) contained in (D, eD),
then both conditions imply that the Brauer categoriesBr(G, e) andBr(CG(P ), eP )
are equivalent and, in particular, that NG(P, eP ) = CG(P ).
In the next two lemmas, we assume that e is a block of a finite group G, and
that (P, eP ) be an e-subpair of G such that the centraliser CG(P ) controls the
e-fusion in G with respect to a maximal subpair (D, eD) that contains (P, eP ).
In this context of centrally controlled blocks, the ambiguity of the definition of
slashed modules in the previous section can be lifted for well-behaved Brauer-
friendly modules.
Lemma 6. Let (Q, eQ) be a subpair of (D, eD), and H be a subgroup of G
such that QCG(Q) 6 H 6 NG(Q, eQ). Denote by ePQ the unique block of the
group CG(PQ) such that (PQ, ePQ) 6 (D, eD). Let M be a Brauer-friendly
OGe-module. Assume that the slashed module M〈P, eP 〉 is a p-permutation
kCG(P )e¯P -module, and that a slashed module M〈PQ, ePQ〉 is non-zero. Then
there exists a unique isomorphism class of (Q, eQ)-slashed module M〈Q, eQ〉
over the group H such that
M〈Q, eQ〉〈PQ, e¯PQ〉 ' Br(PQ,e¯PQ)(M〈P, eP 〉).
Proof. Let the pair (M0, θ0) be any (Q, eQ)-slashed module over the group H at-
tached toM . Let the pair (M1, θ1) be a (P, ePQ)-slashed module attached toM0.
This slashed module is defined over the centraliser CH(P ) = NH(P, ePQ), hence
it is uniquely defined up to isomorphism. Let the pair (M2, θ2) be a (P, eP )-
slashed module attached to M . Similarly, this slashed module is uniquely de-
fined over the centraliser CG(P ). Set M3 = Br(PQ,e¯PQ)(M2), restricted to a
kCH(P )-module, and let θ3 : BrPQ(EndO(e¯PQM2)) ' Endk(M3) be the natu-
ral isomorphism.
As in the discussion before Lemma 4, define from θ0 an θ1 a map θ′1 such
that the pair (M1, θ′1) is a (PQ, ePQ)-slashed module attached to M over the
group CH(P ). Define similarly from θ2 and θ3 an isomorphism θ′3 such that the
the pair (M3, θ′3) is a (PQ, ePQ)-slashed module attached to M over the group
CH(P ).
By Lemma 3 (ii), there exists a linear character χ : CH(P )/CG(PQ) → k×
and an isomorphism of slashed modules (χ∗M1, θ′1) ' (M3, θ′3). By control of fu-
sion, the inclusion map CH(P )→ H induces an isomorphism CH(P )/CG(PQ) '
H/CG(Q). Thus twisting the non-zero kCH(P )e¯PQ-moduleM1 by a linear char-
acter of the group CH(P )/CG(PQ) amounts to twisting the kHe¯Q-module M0
by a linear character of the group H/CG(Q). This proves the existence and
uniqueness, up to isomorphism, of a pair (M0, θ0) such that the corresponding
(PQ, ePQ)-slashed module (M1, θ′1) is isomorphic to (M3, θ′3).
In the next lemma, the normal subgroup H could be the centraliser of a
normal e-subpair of G, or just G itself.
Lemma 7. Let V be a capped indecomposable endo-permutation OD-module
such that the class DefresDD/P [V ] in the Dade group D(D/P ) is trivial. Assume
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that the triple (D, eD, V ) is fusion-stable in G, and identify V to an O∆D-
module through the diagonal isomorphism. Let H be a normal subgroup of G
such that, for any subpair (Q, eQ) 6 (D, eD), the idempotent eQ lies in the
subalgebra kCH(Q) of kCG(Q). Then, up to isomorphism, there is a unique
Brauer-friendly O(H×CH(P ))∆CG(P )-moduleM with source triple (∆D, eD⊗
eoD, V ) such that a slashed module M〈∆P, eP ⊗ eoP 〉 admits a direct summand
isomorphic to the k(CH(P )× CH(P ))∆CG(P )-module kCH(P )eP .
Proof. By Lemma 3 (iii), whenever M is an indecomposable Brauer-friendly
k(H × CH(P ))∆G-module with source triple (∆D, eD ⊗ eoD, V ), the slashed
module M〈∆P, eP ⊗ eoP 〉 is a p-permutation module. Thus we can set
M ′〈∆D, eD ⊗ eoD〉 = Br(∆D,eD⊗eoD)(M ′〈∆P 〉),
in accordance with Lemma 6. Once this specific slash construction has been cho-
sen, we know from [4, Theorem 20] that the mapping M 7→ M〈∆D, eD ⊗ eoD〉
induces a one-to-one correspondence between the isomorphism classes of in-
decomposable Brauer-friendly k(H × CH(P ))∆G-modules with source triple
(∆D, eD ⊗ eoD, V ) and the the isomorphism classes of indecomposable Brauer-
friendly k(CH(D)×CH(D))∆NG(D, eD)-modules with source triple (∆D, eD⊗
eoD, k). The same correspondence, applied to k(CH(P ) × CH(P ))∆CG(P )-
modules with source triple (∆D, eD ⊗ eoD, k), implies that the slashed mod-
ule M〈∆P, eP ⊗ eoP 〉 admits kCH(P )eP as a direct summand if, and only if,
M〈∆D, eD ⊗ eoD〉 ' kCH(D)eD. This proves the lemma.
4 Understanding the local situation
In this section, we work directly over the residue field k, i.e., we set O = k. We
explore an equivariant version of Morita equivalences, the existence of which
is proven in [15]. Those are the building blocks that we will glue together to
obtain a stable equivalence in the Section 6.
Let us fix a few notations that will hold throughout the present section.
Let P be a p-subgroup of a finite group G, and e be a block of G such that
brP (e) 6= 0. We choose, once and for all, a maximal e-subpair (D, eD) such
that P 6 D. For any subgroup Q of D, we denote by eQ the unique block of
CG(Q) such that (Q, eQ) 6 (D, eD). Let H be a normal subgroup of G such
that, for any subgroup Q of D, the block eQ of the group algebra kCG(Q) lies
in the subalgebra kCH(Q) (for instance, H may be the centraliser of a normal
e-subpair of G). Assume that
G = Op′(H) CG(P ).
By elementary group theory, this factorisation implies that P is an abelian p-
group, and that the centraliser CG(P ) controls the p-fusion in the group G.
In particular, we have NG(D) 6 CG(P ). By Brauer’s first main theorem, it
follows that the idempotent eP = brP (e) is a block of the group CG(P ). Thus
(P, eP ) 6 (D, eD) is an e-subpair of the group G, and the centraliser CG(P )
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controls the e-fusion with respect to the maximal subpair (D, eD). The main
result of this section is the following.
Theorem 8. With the above notations,
(i) Let S be any p′-subgroup of H such that S P G and G = SCG(P ); let b
be any D-stable block of the group S such that eD brD(b) 6= 0. The ∆D-
algebra kSb⊗ kCS(P ) brP (b)o defines a class v in the Dade group D(∆D)
that is independent of the choice of S and b.
(ii) Let V be a capped indecomposable endo-permutation k∆D-module that be-
longs to the class v. The source triple (∆D, eD ⊗ eoD, V ) is fusion-stable
in the group (H × CH(P ))∆CG(P ).
(iii) There exists a unique indecomposable k(H × CH(P ))∆CG(P )-module M
with source triple (∆D, eD ⊗ eoD, V ) such that the slashed module M〈∆P 〉
is isomorphic to the k(CH(P )× CH(P ))∆CG(P )-module kCH(P )eP .
(iv) The module M induces a G/H-equivariant Morita equivalence kHe ∼
kCH(P )eP .
We reach the proof of this theorem through a series of lemmas. We choose,
once and for all, a normal p′-subgroup S of H such that S/G and G = SCG(P ).
For instance, we could choose S = Op′(H). Let bD be a block of the algebra
kCS(D) such that eDbD 6= 0, i.e., the block eD of CG(D) covers the block bD
of the normal subgroup CS(D) (as defined in [9]).
We may consider (D, bD) as a maximal subpair of the nilpotent group SD.
Let b be the block of SD such that (D, eD) is a maximal b-subpair. In other
words, b is a D-stable block of the p′-group S, and bD = brD(b). Similarly, for
any subgroup Q of D, the Brauer map brQ defines a one-to-one correspondence
between the set of Q-stable blocks of S and the set of all blocks of CS(Q), by
Brauer’s first main theorem. In particular, the idempotent bQ = brQ(b) is a
block of the group CS(Q).
Lemma 9. For any subpair (Q, eQ) 6 (D, eD), the block eQ of the group CG(Q)
covers the block bQ = brQ(b) of the normal subgroup CS(Q). In particular, the
block e covers the block b.
Proof. By construction, the block eD covers the block bD. We use descending
induction to generalise this to any subpair of (D, eD). Let (Q, eQ) be a proper
subpair of (D, eD). We assume that, for any subpair (R, eR) with (Q, eQ) <
(R, eR) 6 (D, eD), the block eR of the group CG(R) covers the block bR of
the normal subgroup CS(R). Then we let (R, eR) be the normaliser subpair of
Q in (D, eD), which strictly contains (Q, eQ). Thus we have eR brR(eQ) = eR
and, by induction, eRbR 6= 0. These imply brR(eQ)bR 6= 0, hence brR(eQbQ) =
brR(eQ)bR 6= 0. Thus we obtain eQbQ 6= 0 and the block eQ covers the block
bQ. This completes the induction step.
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We denote by Gb and Hb the stabilisers of the block b in the groups G and
H respectively, and by b′ = TrGGb(b) the sum of all G-conjugates of b. Then
eb′ = e and e ∈ kHb′; moreover eb = eb is a block of the algebra kGb, it lies in
the subalgebra kHb, and the (kHe, kHbeb)-bimodule kHeb induces a (Gb/Hb-
equivariant) Morita equivalence kHe ∼ kHbeb, as is proven for example in [13].
Lemma 10. The subgroup CGb(P ) controls the e-fusion in G with respect to
the maximal subpair (D, eD).
Proof. Let (Q, eQ) be a subpair of (D, eD) and let g ∈ G be such that g(Q, eQ) 6
(D, eD). The centraliser CG(P ) controls the p-fusion in G, so we may suppose
g ∈ CG(P ). Then we obtain g(PQ, ePQ) 6 (D, eD), so we may suppose P 6 Q.
The inclusion g(Q, eQ) 6 (D, eD) implies geQ = egQ. So the block geQ of
CG(
gQ) covers the block bgQ of CS(gQ), and the block eQ of CG(Q) covers the
block g
−1
bgQ of CS(Q). As the blocks bQ and g
−1
bgQ of CS(Q) are covered by
the same block eQ of CG(Q), they must be conjugate in CG(Q): there exists
k ∈ CG(Q) such that bQ = kg−1bgQ. Then we get
brQ(b) = bQ =
kg−1bgQ =
kg−1brgQ(b) = brQ(
kg−1b).
As we have already mentionned, the correspondence b ↔ brQ(b) is one-to-one,
so we obtain b = kg
−1
b. Hence the element h = gk−1 lies in Gb. Notice that
g and k both centralise the p-group P by assumption, so we have h ∈ CGb(P ),
and g ∈ CG(Q)CGb(P ). Thus NG(Q, eQ) 6 CG(Q)CGb(P ).
For any element x ∈ P , we denote by Kx ∈ kG the class sum of x, i.e., Kx =
TrGCG(x)(x) (see [1] for a definition of the relative trace map). We have supposed
G = SCG(P ) hence G = SCG(x). So, for any subgroup T of G that contains S,
the natural map T/CT (x)→ G/CG(x) is a bijection and Kx = TrTCT (x)(x). We
have in particular Kx = TrSCS(x)(x). Since the subgroup S is normal in G, it
follows that the class sum Kx lies in the subset kSx = xkS of the algebra kG,
and that the element xKx−1 lies in kS.
In [20] and [21], Robinson makes great use of the central unit Kxe ∈ kGe
to deal, respectively, with the situation G = Op′(G)CG(P ) and with a minimal
counter-example to the odd Z∗p -theorem. The following lemmas highlight once
again the importance of the class sum Kx. In order to deal efficiently with it,
we need more notations.
We will consider the group G as a subgroup of the direct product G × P ,
via the embedding g 7→ (g, 1). Since the p-group P is abelian, we can consider
the p-subgroup P1 = {(x, x−1) ; x ∈ P} of G × P . For an element x ∈ P , we
will usually write x1 = (x, x−1) ∈ P1; conversely, for an element x1 ∈ P1, we
will write x for the unique element of P such that x1 = (x, x−1). We will see
the group G× P as the semi-direct product GP1. Notice that any subgroup of
G that is normalised by P is also normalised by P1. Thus we can consider the
subgroups HP1, SP1, GbP1, etc. The group P1 centralises the defect group D
and the blocks e, eD, b, etc.
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Lemma 11. (i) The maps ιb : SP1 → (kSb)× and γb : GbP1 → AutAlg(kSb)
defined by
ιb(sx1) = sxKx−1b ; γb(gx1)(a) = (gx)
−1a(gx)
for s ∈ S, g ∈ Gb, x1 ∈ P1, a ∈ kSb, make kSb an SP1-interior GbP1-
algebra.
(ii) The maps ιb′ : HP1 → (kHb′)× and γb′ : GP1 → AutAlg(kHb′) defined by
ιb′(hx1) = hxKx−1b
′ ; γb′(gx1)(a) = (gx)−1a(gx)
for h ∈ H, g ∈ G, x1 ∈ P1, a ∈ kHb′, make kHb′ an HP1-interior
GP1-algebra.
(iii) The maps ιe : HP1 → (kHe)× and γe : GP1 → AutAlg(kHe) defined by
ιe(hx1) = hxKx−1e ; γe(gx1)(a) = (gx)
−1a(gx)
for h ∈ H, g ∈ G, x1 ∈ P1, a ∈ kHe, make kHe an HP1-interior GP1-
algebra.
Proof. We consider the idempotents b and bP = brP (b) as respective blocks of
the p-nilpotent groups SP and CS(P )P , both with defect group P . It is well
known that the block algebras kSPb and kCS(P )PbP are both Morita equiv-
alent to kP , so the centers Z(kSPb) and Z(kCS(P )PbP ) are both isomorphic
to Z(kP ) = kP ; in particular, they have the same dimension. The Brauer map
brP induces an algebra morphism β : Z(kSPb) → Z(kCS(P )PbP ). We have
kPbP ⊆ Z(kCS(P )PbP ). Moreover the natural map kCS(P )⊗kP → kCS(P )P
is an isomorphism, so dimk(kPbP ) = |P | = dimk Z(kCS(P )PbP ). Hence
Z(kCS(P )PbP ) = kPbP .
Let x in P be fixed. Since CG(P ) controls the p-fusion, no proper conjugate
of x lies in CG(P ). So β(Kxb) = brP (Kx) brP (b) = xbP , which proves that the
morphism β is onto. Since its domain and codomain have the same dimension
over k, β is an isomorphism. Thus the element Kxb = β−1(xbP ) is invertible
in Z(kSPb) and the map x 7→ Kxb is a group morphism P → Z(kSPb)×.
Moreover the group P is abelian, so the map ιb : SP1 → (kSb)× of (i) is
indeed well-defined and a group morphism. The rest of the statement in (i) is
straightforward.
Furthermore, the algebra kSb′ is the direct product of the kSc where c runs
over the set of G-conjugates of b, and xKx−1b′ =
∑
c xKx−1c for any x ∈ P . So
xKx−1b
′ is invertible in kSb′ and the map x1 7→ xKx−1b′ is a group morphism
P1 → (kSb′)×, which extends to the group morphism ιb′ : HP1 → (kHb′)×
of (ii). Notice that cutting off the central idempotent e cannot harm, so (iii)
follows immediately.
Lemma 12. There is a natural isomorphism of HP1-interior GP1-algebras
φ : kHb′ −˜→ Ind(HP1×HP1)∆G(SP1×SP1)∆Gb kSb.
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Proof. Let us write A = Ind(HP1×HP1)∆G(SP1×SP1)∆Gb kSb. On the one hand, we have from
Section 1 an isomorphism of H-interior G-algebras kHb′ → Ind(H×H)∆G(S×S)∆Gb kSb.
On the other hand, the natural map G/S → GP1/SP1 is bijective so the natural
map Ind(H×H)∆G(S×S)∆Gb kSb → Ind
(HP1×HP1)∆G
(SP1×SP1)∆Gb kSb is an isomorphism of H-interior
G-algebras. By composition, we obtain the map φ : kHb′ → A, which appears to
be an isomorphism of H-interior G-algebras. By definition, we have ιb′(x1) =
xKx−1b
′, where the element xKx−1 lies in S. Since φ is an isomorphism of
left kS-modules, we obtain φ(ιb′(x1)) = xKx−1 · 1A. Then it follows from the
definition of induced interior algebras that ιA(x1) = xKx−1 · 1A. Thus φ is also
an isomorphism of P1-interior algebras, and the lemma is proven.
We now consider the HP1-interior GP1-algebra kHe as a k(HP1×HP1)∆G-
module.
Lemma 13. The indecomposable k(HP1 × HP1)∆G-module kHe is Brauer-
friendly with source triple ((P1×P1)∆D, eD⊗eoD,W ), where the sourceW is any
capped indecomposable direct summand of the restriction Res(SP1×SP1)∆Gb(P1×P1)∆D kSb.
Proof. Let us write K = (SP1 × SP1)∆Gb. The field k is algebraically closed
and S is a p′-group, so the block algebra kSb is a matrix algebra. It follows
that the structure map of the (kSb, kSb)-bimodule kSb is an isomorphism of
K-algebras kSb ⊗ kSbo ' Endk(kSb). In particular, this proves that kSb is an
endo-p-permutation kK-module.
For any element (g, h) of the group (HbP1×HbP1)∆Gb, let R be a Sylow p-
subgroup of the intersectionK∩(g,h)K. The k(S×S)R-module ResK(S×S)R kSb is
simple and belongs to the block b⊗bo of the p-nilpotent group (S×S)R. Since the
pair (g, h) stabilises the block b⊗bo, the k(S×S)R-module Res(g,h)K(S×S)R g(kSb)h−1
is still simple and belongs to the same block b⊗bo. Since a block of a p-nilpotent
group contains only one isomorphism class of simple modules, there must be an
isomorphism of k(S × S)R-modules
ResK(S×S)R kSb ' Res
(g,h)K
(S×S)R g(kSb)h
−1.
It follows that the restrictions ResKK∩(g,h)K kSb and Res
(g,h)K
K∩(g,h)K g(kSb)h
−1 are
compatible endo-p-permutation k(K∩ (g,h)K)-modules. By Urfer’s criterion [25,
Lemma 1.3] for the induction of endo-p-permutation modules, we deduce that
the k(HbP1 ×HbP1)∆Gb-module
kHbb ' Ind(HbP1×HbP1)∆Gb(SP1×SP1)∆Gb kSb
is an endo-p-permutation module. Then its direct summand kHbeb is also an
endo-p-permutation k(HbP1 ×HbP1)∆Gb-module. We now determine a vertex
subpair of this indecomposable module. The commutation of induction and the
Brauer functor brings an isomorphism of (CHb(P )P1 × CHb(P )P1)∆CGb(P )-
interior algebras
BrP1×P1(Endk(kHbb)) → Ind
[(CHb (P )P1×CHb (P )P1)∆CGb (P )]2
[(CS(P )P1×CS(P )P1)∆CGb (P )]2
BrP1×P1(Endk(kSb)).
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The natural isomorphism of (CS(P )P1 × CS(P )P1)∆CGb(P )-interior algebras
BrP1×P1(Endk(kSb)) ' Endk(kCS(P )bP ) and the isomorphism of Lemma 12
then bring an isomorphism of (CHb(P )P1 × CHb(P )P1)∆CGb(P )-interior alge-
bras
BrP1×P1(Endk(kHbb)) ' Endk(kCHb(P )bP ).
It follows that the slashed module kHbeb〈P1 × P1〉 is isomorphic to kCHb(P ) brP (eb).
So a vertex of the indecomposable k(HbP1×HbP1)∆Gb-module kHbeb contains
the p-group P1 × P1. Since kCHb(P ) brP (eb) is a p-permutation k(CHb(P ) ×
CHb(P ))∆CGb(P )-module, the slash construction may coincide with the Brauer
functor from this point on. The images of the block algebra kCHb(P ) brP (eb) by
Brauer functors are well-known, so we can use the transitivity of the slash con-
struction for endo-p-permutation modules, and conclude that a vertex subpair
of kHbeb is ((P1 × P1)∆D, eDbD ⊗ eoDboD).
Since the indecomposable k(HbP1 × HbP1)∆Gb-module kHbeb is a direct
summand of the endo-p-permutation module Ind(HbP1×HbP1)∆Gb(SP1×SP1)∆Gb kSb, a source
W of kHbeb with respect to the above vertex subpair is isomorphic to any capped
indecomposable direct summand of the restriction Res(SP1×SP1)∆Gb(P1×P1)∆D kSb. As a
consequence of the vertex-preserving Morita equivalence of [13, Theorem 1.6],
the induced module
kHe ' Ind(HP1×HP1)∆G(HbP1×HbP1)∆Gb kHbeb
is indecomposable and admits the source triple ((P1 × P1)∆D, eD ⊗ eoD,W ).
Moreover, kHbeb is an endo-p-permutation module, so the endo-permutation
source pair ((P1×P1)∆D,W ) is fusion-stable in the group (HbP1×HbP1)∆Gb.
By Lemma 10, the subgroup (HbP1 × HbP1)∆Gb controls the e ⊗ eo-fusion in
the group (HP1×HP1)∆G. Thus the source triple ((P1×P1)∆D, eD⊗ eoD,W )
is fusion-stable in the group (HP1 ×HP1)∆G, and the idecomposable module
kHe is Brauer-friendly.
Let M = kHe〈1× P1, e⊗ eoP 〉 be a slashed module attached to the Brauer-
friendly k(HP1 ×HP1)∆G-module kHe. Remember that NG(P, eP ) = CG(P ),
so the slash construction is unambiguous as long as only the p-groups P and
P1 are concerned. Since eP = brP (e), we may also omit the blocks in subpairs
concerned only with P and P1. For instance, we may write M = kHe〈1× P1〉.
From now on, we will consider M as a k(H × CH(P ))∆CG(P )-module, thus
forgetting the remaining left action of P1.
Lemma 14. The k(H×CH(P ))∆CG(P )-moduleM induces a G/H-equivariant
Morita equivalence kHe ∼ kCH(P )eP .
Proof. We apply the slash construction to the k(SP1 × SP1)∆Gb-module kSb
and the k(HP1 ×HP1)∆G-module kHb′ to define a k(S ×CS(P ))∆Gb-module
L = kSb〈1× P1〉 and a k(H × CH(P ))∆CG(P )-module L′ = kHb′〈1× P1〉.
We know from Lemma 12 that there is an isomorphism of k(HP1 ×HP1)∆G-
modules kHb′ ' Ind(HP1×HP1)∆G(SP1×SP1)∆Gb kSb. Moreover G = SCG(P ), so the commu-
tation of induction and the Brauer functor brings an isomorphism of (HP1 ×
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CH(P )P1)∆CG(P )-interior algebras
Ind
[(HP1×CH(P )P1)∆CG(P )]2
[(SP1×CS(P )P1)∆CGb (P )]2
◦Br1×P1 Endk(kSb)
→ Br1×P1 ◦ Ind[(HP1×HP1)∆G]
2
[(SP1×SP1)∆Gb]2 Endk(kSb).
Notice that the p-subgroup P1 can be omitted from the induction functors with-
out changing the result. Thus we have an isomorphism of k(H×CH(P ))∆CG(P )-
modules
Ind
(H×CH(P ))∆CG(P )
(S×CS(P ))∆CGb (P )
L ' L′.
Then we look closer at the definition of L. Since kSb is a matrix algebra, the
structure map of the (kSb, kSb)-bimodule kSb is an isomorphism of (S × S)-
interior algebras kSb ⊗ (kSb)op → Endk(kSb). Applying the Brauer func-
tor Br1×P1 turns this into an isomorphism of (S × CS(P ))-interior algebras
kSb⊗ (kCS(P )bP )op → Endk(L). So we have an isomorphism of k(S×CS(P ))-
modules L ' X ⊗ Y ∗, where X is a simple module for the matrix algebra kSb
and Y ∗ is the k-dual of a simple module for the matrix algebra kCS(P )bP .
We deduce that the k(S × CS(P ))-module L induces a Morita equivalence
kSb ∼ kCS(P )bP . By [17, Theorem 3.4] and [13, Theorem 1.6], it follows
that the induced module L′ induces a Morita equivalence kHb′ ∼ kCH(P )b′P .
Then the non-zero direct summand eL′eP induces a Morita equivalence kHe ∼
kCH(P )eP .
Lemma 15. The indecomposable k(H×CH(P ))∆CG(P )-module M is Brauer-
friendly with source triple (∆D, eD⊗eoD, V ), where the endo-permutation k∆D-
module V belongs to the class of the Dade group D(∆D) that is defined by the
Dade ∆D-algebra kSb⊗ kCS(P )boP .
Proof. The indecomposable k(HP1 ×HP1)∆G-module kHe is Brauer-friendly
with source triple ((P1×P1)∆D, eD⊗eoD,W ). We know from Lemma 3 that the
slashed moduleM is Brauer-friendly. For any subpair (R, f) of the maximal e⊗
eoP -subpair (D×D, eD⊗eoD) in the group (H×CH(P ))∆CG(P ), the transitivity
of the slash construction shows that an (R, f)-slashed moduleM〈R, f〉 attached
toM is also a (1×P1)R,br1×P1(f))-slashed module attached to kHe. It follows
that M〈R, f〉 is non-zero if, and only if, the subpair (R, f) is contained in
(∆D, eD ⊗ eoD) up to conjugation. Thus (∆D, eD ⊗ eoD) is a vertex subpair of
M .
Let V be the source of M with respect to the above vertex subpair. By
Lemma 3 (iii), the endo-permutation k∆D-module V is compatible with the
slashed module Res(P1×P1)∆D∆D W 〈1× P1〉. Moreover, we know from Lemma 13
that W is a capped indecomposable direct summand of the k∆D-module kSb.
We have Endk(kSb) ' kSb⊗ kSbo, so Br1×P1(Endk(kSb)) ' kSb⊗ kCS(P )boP .
Thus the k∆D-module V is isomorphic to a direct summand of a simple module
for the matrix algebra kSb⊗ kCS(P )boP .
Finally, the uniqueness statement of Theorem 8 (iii) follows from Lemma 7.
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5 Gluing sources
In this section, we work over the local ring O. Let e be a block of a finite group
G, and (P, eP ) be an e-subpair of G. We choose, once and for all, a maximal e-
subpair (D, eD) that contains (P, eP ), and we assume that the centraliser CG(P )
strongly controls the e-fusion in G with respect to the maximal subpair (D, eD).
For any subgroup Q of D, we denote by eQ the unique block of the centraliser
CG(Q) such that (Q, eQ) 6 (D, eD).
LetQ 6= 1 be a non-trivial subgroup ofD. Then the e-subpair (ND(Q), eND(Q))
may be seen as an eQ-subpair of the group NG(Q, eQ), although it needs not
be maximal. By assumption, we have NG(Q, eQ) 6 Op′(CG(Q))CG(P ). Let
SQ be any normal p′-subgroup of NG(Q, eQ) such that SQ 6 CG(Q) and
NG(Q, eQ) 6 SQ CG(P ). Let b¯Q be an ND(Q)-stable block of the group SQ
such that the block e¯ND(Q) of CG(ND(Q)) covers the block brND(Q)(b¯Q) of
CS(ND(Q)). The diagonal conjugation action of the group ND(Q) on the ma-
trix algebra kSQb¯Q ⊗ kCSQ(P ) brP (b¯Q)o makes it a Dade ND(Q)/Q-algebra,
since the normal subgroup Q acts trivially. Let vQ be the corresponding class
in the Dade group D(ND(Q)/Q).
Lemma 16. With the notations of [7],
(i) The class vQ ∈ D(ND(Q)) is independent of the choice of SQ and bQ.
(ii) If Q / R are non-trivial subgroups of D , then
Defres
ND(Q)/Q
ND(Q,R)/R
vQ = Res
ND(R)/R
ND(Q,R)/R
vR.
(iii) If g ∈ G is such that g(Q, eQ) 6 (D, eD), then
Res
ND(Q)
ND∩Dg (Q)
vQ = Res
NDg (Q)
ND∩Dg (Q)
g−1 · vgQ.
Proof. Let us fix a non-trivial p-subgroup Q of the defect group D. We write
GQ = NG(Q, eQ) and HQ = CG(Q). By assumption, we have the factorisation
GQ = SQCGQ(P ), so that all the assumptions of Section 4 are satisfied. We
denote by MQ the indecomposable Brauer-friendly k(HQ×CHQ(P ))∆CGQ(P )-
module of Theorem 8. Let VQ be a capped indecomposable direct summand
of the k∆ND(Q)-module eND(Q)MQeND(Q), which we identify to a kND(Q)-
module through the diagonal isomorphism. We know from Theorem 8 that VQ
exists and is an endo-permutation kND(Q)-module that belongs to the class
Inf
ND(Q)
ND(Q)/Q
vQ, and we know from Lemma 2 that the isomorphism class of VQ
depends only on the Brauer-friendly-module MQ and the subpair (Q, eQ). This
proves (i).
We now take 1 6= Q / R 6 D. On the one hand, SQ is a normal p′-
subgroup of GQ such that SQ 6 HQ and GQ = SQHQ, and b¯Q is an ND(Q)-
stable block of kSQ such that the block eND(Q) covers brND(Q)(b¯Q). We set
GQ,R = NG(Q,R, eR), SQ,R = CSQ(R) and bQ,R = brR(bQ). Then SQ,R is a
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normal p′-subgroup of GQ,R such that SQ,R 6 HR and GQ,R = SQ,RCGQ,R(P ),
and bQ,R is an ND(Q,R)-stable block of SQ,R such that the block eND(Q,R)
covers brND(Q,R)(bQ,R). Let vQ,R ∈ D(ND(Q,R)/R) be the class defined by
the Dade ND(Q,R)-algebra kSQ,Rb¯Q,R ⊗ kCSQ,R(P ) brP (b¯Q,R)o, i.e., vQ,R =
Defres
ND(Q)/Q
ND(Q,R)/R
vQ.
On the other hand, let SR be a normal p′-subgroup of GR such that SR 6 HR
and GR = SRCGR(P ), and b¯R be an ND(R)-stable block of SR such that the
block e¯ND(R) covers brND(R)(b¯R). Then SR is also a normal p
′-subgroup of GQ,R
such that SR 6 CG(R) and GQ,R = SRCGQ,R(P ), and bR is an ND(Q,R)-stable
block of SR such that the block e¯ND(Q,R) covers brND(Q,R)(b¯R). Since the class
vQ,R is independent of the choice of the subgroup SQ,R and of the block bQ,R,
it follows that vQ,R = Res
ND(R)/R
ND(Q,R)/R
vR, and (ii) is proven. The proof of (iii) is
essentially the same.
The rest of this article depends on the following assumption.
Assumption 17. There exists a capped indecomposable endo-permutation
OD-module V such that the triple (D, eD, V ) is fusion-stable in G and that, for
any non-trivial subgroup Q of D,
DefresDND(Q)/Q[k ⊗O V ] = vQ.
Lemma 18. If e is the principal block of the group G, or if the defect group D
is abelian, or if the prime p is odd and the poset A>2(D) of elementary abelian
subgroups of D of rank at least 2 is connected, then Assumption 17 is satisfied.
Proof. Firstly, we suppose that e is the principal block of the group G. For
any non-trivial subgroup Q of the defect group D, the principal block eQ of
the group CG(Q) covers the principal block bQ of the p′-group SQ, so vQ is the
trivial class in the Dade group D(ND(Q)/Q). Thus we can choose V to be the
trivial OD-module.
Secondly, we suppose that the defect group D is abelian. Then we have
ND(Q) = D for any subgroup Q of D. Following [18], we consider the function
µ on the set of non-trivial subgroups of D such that
∑
1 6=R6Q µ(R) = 1 for any
non-trivial subgroup Q of D. We consider the class
v =
∑
1 6=Q6D
µ(Q) Inf DD/Q vQ ∈ D(D).
By Lemma 16, the family (vQ)16=Q6D satisfies the assumptions of [18, Proposi-
tion 3.6]. Thus the class v is NG(D, eD)-stable, and DefresDD/Q v = vQ for any
non-trivial subgroup Q of D. By [6, Corollary 8.5] and [24, Lemma 28.1], there
exists a unique isomorphism class of capped indecomposable endo-permutation
OD-module V with determinant 1 (i.e., with a structure map that sends the
group D into SL(V )) such that v = [k ⊗O V ]. Since the defect group D is
abelian, the normaliser NG(D, eD) controls the e-fusion in the group G with
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respect to the maximal subpair (D, eD), so the triple (D, eD, V ) is fusion-stable
in G.
Thirdly, we suppose that the prime p is odd and that the poset A>2(D) is
connected. For any subgroup Q of D, the class vQ ∈ D(ND(Q)/Q) contains the
source of a simple module for the p-nilpotent group (SQ×CSQ(P ))oND(Q)/Q.
Thus we know from [5, Proposition 4.4] that the class vQ lies in the torsion part
Dt(ND(Q)/Q) of the Dade group D(ND(Q)/Q). By [7, Theorem 1.1], there is
an exact sequence
0 → Dt(D) → lim←−
16=Q6D
Dt(ND(Q)/Q) → H˜0(A>2(D)) → 0.
By lemma 16, the family (vQ)16=Q6D lies in the direct limit lim←−16=Q6D Dt(ND(Q)/Q)
of the above exact sequence. By assumption, the additive group H˜0(A>2(D),F2)
of locally constant F2-valued functions on A>2(D), modulo constant functions,
is trivial. Thus there exists a unique class v in the torsion Dade group Dt(D)
such that DefresDND(Q)/Q v = vQ for any non-trivial subgroup Q of D. As above,
there is a unique capped indecomposable endo-permutation OD-module V with
determinant 1 such that the reduction k ⊗O V belongs to the class v.
Let (R, eR) be a subpair of (D, eD) and let g ∈ G be such that g(R, eR) 6
(D, eD). Set w = ResDR v and w′ = Res
Dg
R g
−1 · v. For any non-trivial subgroup
Q of R, we have
DefresRNR(Q)/Q w = Res
ND(Q)/Q
NR(Q)/Q
vQ
= Res
NDg (Q)/Q
NR(Q)/Q
g−1 · vgQ = DefresRNR(Q)/Q w′.
Then the injectivity of the deflation-restriction mapDt(R)→ lim←−16=Q6RDt(NR(Q))
implies that w = w′. LetW (resp. W ′) be a capped indecomposable direct sum-
mand of the restriction ResDR V (resp. w′ = Res
Dg
R g
−1V ). Since the prime p
is odd, the endo-permutation OR-modules W and W ′ must have determinant
1; moreover, the reductions k ⊗O W and k ⊗O W ′ belong to the same class
w = w′ ∈ D(R). Thus W and W ′ are isomorphic, and the triple (D, eD, V ) is
fusion-stable in the group G.
For a general defect group D, the obstruction group H˜0(A>2(D),F2) needs
not be trivial. However, we know from the classification of finite simple groups
that the Z∗p -theorem is always true. This implies that Assumption 17 is satisfied,
at least when the centraliser CG(P ) controls the p-fusion in the group G (and
not only the e-fusion). We do hope that a careful study of the direct image of
the family (vQ)16=Q6D in the obstruction group H˜0(A>2(D),F2) will show that
this direct image is always trivial. This would allow one to prove Theorem 1
without any restriction on the defect group D.
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6 Obtaining a stable equivalence
With all the conventions of the previous section, we now suppose that Assump-
tion 17 is satisfied. We identify V with an O∆D-module. By Lemma 7, there is
a unique indecomposable Brauer-friendly O(G×CG(P ))-moduleM with source
triple (∆D, eD ⊗ eoD, V ) such that the slashed module M〈∆P, eP ⊗ eoP 〉 admits
the k(CG(P )× CG(P ))-module kCG(P )eP as a direct summand.
Lemma 19. Let Q be a non-trivial subgroup of the defect group D. Then the
slashed module M〈∆Q, eQ ⊗ ePQ〉 induces a Morita equivalence
kCG(Q)eQ ∼ kCG(PQ)ePQ
Proof. The class DefresDD/P v ∈ D(D/P ) is trivial, so the slashed moduleM〈∆P, eP ⊗ eoP 〉
is a p-permutation k(CG(P )×CG(P ))-module. Thus we may use, from now on,
the slash construction that we have defined in Lemma 6. For the sake of short-
ness, whenever Q is a subgroup of the defect group D, we write
C(Q) = (CG(Q)× CG(PQ)) ; N(Q) = C(Q)∆NG(Q, eQ) ;
M〈Q〉 = M〈∆Q, eQ ⊗ ePQ〉 ,
where the latter is a kN(Q)-module. For any Q 6 D and any g ∈ G such that
g(Q, eQ) 6 (D, eD), the uniqueness part of Lemma 6 implies that there is an iso-
morphism of kN(Q)-modulesM〈Q〉 ' (g−1, g−1) ·M〈gQ〉. Thus, up to replac-
ing the subgroup Q by a G-conjugate, we may suppose that the subpair (Q, eQ)
is fully normalised in (D, eD), i.e., that the normaliser subpair (ND(Q), eND(Q))
is a maximal eQ-subpair of the group NG(Q, eQ). Similarly, for any two sub-
groups Q / R of D, the kN(Q,R)-modules M〈Q〉〈R〉 and ResN(R)N(Q,R)M〈R〉 are
isomorphic.
By construction ofM , we know that the kC(P )-moduleM〈P 〉 admits kCG(P )eP
as a direct summand. As a consequence, the Brauer quotient M〈P 〉〈Q〉 admits
the kN(P,Q)-module kCG(PQ)ePQ as a direct summand. By the above remark
on the transitivity of the slash construction, it follows that the slashed module
M〈Q〉〈P 〉 also admits kCG(PQ)ePQ as a direct summand. Thus there exists an
indecomposable direct summandM0Q of the kN(Q)-moduleM〈Q〉 such that the
slashed module M0Q〈P 〉 admits the kN(P,Q)-module kCG(PQ)ePQ as a direct
summand.
Let (R, f) be a maximal eQ-subpair of the group NG(Q, eQ). Then the
Brauer quotient Br(∆R,f⊗fo)(kCG(PQ)ePQ) ' kCG(R)f is non-zero. By transi-
tivity of the slash construction, it follows that the slashed moduleM0Q〈∆R, f ⊗ fo〉
is non-zero. Moreover, a vertex subpair ofM0Q must be contained in a conjugate
of the vertex subpair (∆D, eD ⊗ eoD) of M . Thus (∆R, f ⊗ fo) is a vertex sub-
pair of M0Q. Assuming that the subpair (Q, eQ) is fully normalised in (D, eD),
we deduce from Lemma 3 (iii) that (∆ND(Q), eND(Q) ⊗ eoND(Q), VQ) is a source
triple of the indecomposable kN(Q)-module M0Q. Now it follows from Lemma
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7 and Theorem 8 that the kN(Q)-module M0Q induces an NG(Q, eQ)/CG(Q)-
equivariant Morita equivalence
kCG(Q)e¯Q ∼ kCG(PQ)e¯PQ.
The next step uses descending induction on the order of the group Q to
prove that M〈Q〉 = M0Q. We know from the proof of Lemma 7 that the slashed
module M〈D〉 is isomorphic to the indecomposable kN(D)-module kCG(D)eD,
so M〈D〉 = M0D. Then let Q be a proper subgroup of D and suppose that
M(R) = M0R for any p-group R such that Q < R 6 D. We consider a Krull-
Schmidt decomposition
M〈Q〉 = M0Q ⊕ . . .⊕MnQ,
of the kN(Q)-moduleM〈Q〉, and we suppose that n > 1. Let (R, f) be a vertex
subpair of the kN(Q)-module M1Q. Once again, we may assume that the sub-
pair (Q, eQ) is fully normalised in (D, eD). We may suppose that (R, f) is con-
tained in the maximal (eQ⊗ eoQ)-subpair ((CD(Q)×CD(Q))∆ND(Q), eND(Q)⊗
eoND(Q)). By Lemma 3 (iii), the subpair (R, f) must be contained in a (G ×
CG(P ))-conjugate of the vertex subpair (∆D, eD ⊗ eoD) of M . Thus we have
Br(R,f)(kGe) 6= 0. Since the subpair (∆Q, eQ ⊗ eoQ) is normalised by (R, f)
and Br(∆Q,eQ⊗eoQ)(kGe¯) ' kCG(Q)e¯Q, it follows that Br(R,f)(kCG(Q)e¯Q) 6=
0. So the subpair (R, f) is contained in a (CG(Q) × CG(Q))∆NG(Q, eQ)-
conjugate of the vertex subpair (∆ND(Q), eND(Q)⊗eoND(Q)) of the indecompos-
able k(CG(Q)×CG(Q))∆NG(Q, eQ)-module kCG(Q)eQ. Moreover the subgroup
N(P,Q) controls the (eQ⊗eoQ)-fusion in the group (CG(Q)×CG(Q))∆NG(Q, eQ).
So (R, f) is contained in an N(P,Q)-conjugate of
(∆ND(Q), eND(Q) ⊗ eoND(Q)). We may choose (R, f) = (∆R′, eR′ ⊗ eoPR′) for
some subgroup R′ of ND(Q). If Q < R′, then we obtain
M〈R′〉 'M〈Q〉〈R′〉 = M0Q〈R′〉 ⊕ . . .⊕MnQ〈R′〉 ,
where at least the direct summands M0Q〈R′〉 and M1Q〈R′〉 are non-zero. This
contradicts the indecomposability of the kC(R′)-module M〈R′〉 = M0R′ . If
Q = R′, then Lemma 5 implies that the k(G × CG(P ))-module M has an
indecomposable direct summand with vertex subpair (∆Q, eQ ⊗ eoPQ), another
contradiction. So the lemma is proven.
For the reader’s convenience, we quote [16, Theorem 1.1], which is not pub-
lished yet. We slightly adapt the notations to fit those of the present chapter.
Theorem (Linckelmann). Let A, B be (almost) source algebras of blocks of
finite group algebras over O having a common defect group D and the same
fusion system F on D. Let V be an F-stable indecomposable endo-permutation
OD-module with vertex D, viewed as an O∆D-module through the canonical
isomorphism ∆D ' D. Let M be an indecomposable direct summand of the
(A,B)-bimodule
A⊗OD IndD×D∆D V ⊗OD B
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Suppose that M ⊗B M∗ 6= 0. Then, for any non-trivial fully F-centralised
subgroup Q of D, there is a canonical (BrQ(A),BrQ(B))-bimodule M〈∆Q〉 sat-
isfying Endk(M〈∆Q〉) ' Br∆Q(EndO(M)). Moreover, if for all non-trivial fully
F-centralised subgroups Q of D the bimodule M〈∆Q〉 induces a Morita equiva-
lence between Br∆Q(A) and Br∆Q(B), then M and its dual M∗ induce a stable
equivalence of Morita type between A and B.
We now have all the tools that we need to prove our main result.
Proof of Theorem 1. Let i ∈ (OGe)D be a source idempotent of the block e
such that e¯D brD(i) 6= 0, and let iP ∈ (OCG(P )eP )D be a source idempotent of
the block eP such that e¯D brD(iP ) 6= 0. Set A = iOGi and B = iPOCG(P )iP .
Then iMiP is an indecomposable direct summand of the (A,B)-bimodule A⊗kD
IndD×D∆D V ⊗kD B, where V is an endo-permutation OD-module that is fusion-
stable for the common fusion system of the source algebras A and B on the defect
group D. Moreover, by Lemma 19, the slashed module iMiP 〈∆Q〉 induces a
Morita equivalence Br∆Q(A) ∼ Br∆Q(B) for any subgroup Q of the defect group
D. Then Linckelmann’s theorem asserts that the (A,B)-bimodule iMiP induces
a stable equivalence A ∼ B. In terms of block algebras, this means exactly that
the (OGe,OCG(P )eP )-bimodule M induces a stable equivalence
OGe ∼ OCG(P )eP .
References
[1] J.Alperin, M.Broué, Local methods in block theory. Ann. of Math. 110
(1979), 143-157.
[2] O.D.Artemovich, Isolated elements of prime order in finite groups.
Ukrainian Math. J. 40 (1988), no. 3, 343-345.
[3] M.Aschbacher, R.Kessar, B.Oliver, Fusion systems in algebra and
topology. London Mathematical Society Lecture Note Series, 391. Cam-
bridge University Press, Cambridge, 2011.
[4] E.Biland, Brauer-friendly modules and slash functors. arXiv:1307.3924.
[5] R.Boltje, B.Külshammer, The ring of modules with endo-permutation
source. Manuscripta Math. 120 (2006), no. 4, 359-376.
[6] S.Bouc, The Dade group of a p-group. Invent. math. 164(2006), 189-231.
[7] S.Bouc, J. Thévenaz, Gluing torsion endo-permutation modules. J.
Lond. Math. Soc. (2) 78 (2008), no. 2, 477-501.
[8] M.Broué, R.Rouquier, Introduction to Representation Theory of Finite
Groups. Book in preparation.
[9] E.C.Dade, Block extensions. Illinois J. Math. 17 (1973), 198-272.
21
[10] E.C.Dade, Endo-permutation modules over p-groups I. Ann. of Math. 107
(1978), no. 3, 459-494.
[11] G.Glauberman, Central elements in core-free groups. J. Algebra 4, 1966,
403-420.
[12] D.Gorenstein, R. Lyons, R. Solomon, The classification of the finite
simple groups, Number 3, Part I. American Mathematical Society, Provi-
dence, RI, 1998.
[13] M.E.Harris, Ordinary induction from a subgroup and finite group block
theory. Osaka J. Math. 44 (2007), no. 1, 147-158.
[14] R.Kessar, M. Linckelmann, On perfect isometries for tame blocks. Bull.
London Math. Soc. 34 (2002), no. 1, 46-54.
[15] B.Külshammer, G. Robinson, On blocks of finite groups with a certain
factorization. Arch. Math. (Basel) 46 (1986), no. 2, 97-101.
[16] M.Linckelmann, On stable equivalences with endo-permutation sources.
Unpublished.
[17] A.Marcus, On equivalences between blocks of group algebras: reduction to
the simple components. J. Algebra 184 (1996), no. 2, 372-396.
[18] Ll. Puig, Une correspondance de modules pour les blocs à groupes de défaut
abéliens. Geom. Dedicata 37 (1991), no. 1, 9-43.
[19] Ll. Puig, Blocks of finite groups. The hyperfocal subalgebra of a block.
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2002.
[20] G.R.Robinson, On Cartan matrices of finite groups with a certain factor-
ization. Representation theory, II (Ottawa, Ont., 1984), 152-176. Springer,
Berlin, 1986.
[21] G.R.Robinson, Central units in blocks and the odd Z∗p -theorem. J. Algebra
321 (2009), 384-393.
[22] R.Rouquier, Block theory via stable and Rickard equivalences. Modular
representation theory of finite groups (Charlottesville, VA, 1998), 101-146,
de Gruyter, Berlin, 2001.
[23] D. Sibley, Vertices, blocks, and virtual characters. J. Algebra 132 (1990),
no. 2, 501-507.
[24] J.Thévenaz, G-algebras and modular representation theory. The Claren-
don Press, Oxford University Press, New York, 1995.
[25] J.-M.Urfer, Endo-p-permutation modules. J. Algebra 316 (2007), no. 1,
206-223.
22
